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Neural Network Training

Let n = number of hidden neurons, n0 = input
dimension. The one-hidden layer NN is:

Rn0 ∋ x 7→ Φ(x; θ) ≜ κ(n)
n∑
i=1

viϱ(uix)

The training task: Find θ minimizing

min
θ∈Rp

L(θ) ≜ 1
m

m∑
i=1

ℓ(Φ(xi; θ), yi)︸ ︷︷ ︸
R̂s(Φ)

+ g(θ)

g is a convex regularizer

Setup & key assumptions

Qt = ∇2
Φt
R̂s(Φt), et = ∇Φt

R̂s(Φt),Ht = ∇2 g(θt),
Jt = (∇θΦ(x1, θt), . . . ,∇θΦ(xm, θt))⊤

Regularized GGN iterations: augmentQt, et
and Jt, resp. by 0, 1 and ∇g(θt) in appropriate
dimensions; denote by Q̂t, êt and Ĵt, resp.

θt+1 = θt − αt(Ĵ⊤
t Q̂tĴt +Ht)−1Ĵ⊤

t êt

where αt are step sizes (or learning rates)
Convenient form for overparameterized models:

θt+1 = θt − αtH
−1
t Ĵ⊤

t (I + Q̂tĴtH
−1
t Ĵ⊤

t )−1êt

• ϱ is twice differentiable, Lipschitz, and smooth

• g is thrice differentiable and (Mg, ν)-GSC (gen-
eralized self-concordant): ∀u, v ∈ Rp,
|⟨∇3 g(x)[v]u, u⟩| ≤ Mg∥u∥2x∥v∥ν−2

x ∥v∥3−ν

• R̂s is γR-strongly convex, and has upper-bounded
gradients and Hessian; g, Q̂t and êt are locally
bounded

GGN-NTK (zero damping limit)

Let g(θ) ≡ τ ḡ(θ); τ controls the regularization
strength
Zero damping limit (τ → 0) + Infinite overpa-
rameterization ⇐⇒ dynamics are stable, and
the (unregularized) GGN iterations:

θt+1 = θt − αtJ
⊤
t G

−1
t et

NTKmatrix: Gti,j = ⟨∇θΦ(xi, θt),∇θΦ(xj, θt)⟩
Moore-Penrose inverse≡ Overparameterized NNs
Note: In the infinite-width limit, the GD re-
duces to the kernel gradient descent:

Φt+1 = Φt − αtGt∇Φt
R̂s(Φt)

Correspondingly, the NTK regression is:

θt+1 = argmin
θ

1
2
∥⟨Jt, θ − θt⟩ +∇Φt

R̂s(Φt)∥2

⇐⇒ linearization of Φ around θt

(the GGN-NTK relation)

• When θt is close θ0, the linearization provides
a good approximation to Φ

• Key properties: stability, generalization

Regularization with stability

If τ > 0 (g ̸= 0), the relation between gradient
descent and NTK will probably break.
However, the GGN dynamics still enjoy stability
and generalization with infinite overparameteri-
zation:

• g is (Mg, ν)-GSC ⇐⇒ locally stable Ht

• Bounded terms in the GGN iterates

In this case,

Φt+1 = Φt − αtĜtêt

where Ĝt ≜ JtH
−1
t Ĵ⊤

t (I + Q̂tĴtH
−1
t Ĵ⊤

t )−1

• Empirically, this can be simulated with small
step sizes for GGN (equivalently, the hidden
learning phenomenon)

Theory: setup

For the regularized GGN updates, consider the
adaptive learning rate selection rule

αt =
ᾱt

1 +Mgηt

where 0 < ᾱt ≤ 1 and ηt = ∥∇g(θt)∥∗θt
• For convenience, let Φ̃t ∈ Rm+1 denote the

vector obtained by augmenting Φt by 1
This Φ̃t corresponds to a different augmented
version of Jt denoted by J̃t. We have

Φ̃t+1 = Φ̃t − αtG̃têt

where G̃t ≜ J̃tH
−1
t Ĵ⊤

t (I + Q̂tĴtH
−1
t Ĵ⊤

t )−1

Also, let Φ̃∗ ∈ Rm+1 denote the vector ob-
tained by augmenting Φ∗

t by 0

• Let BR, BΦ, Bg, dg, dq, β, Dg and DR be
fixed constant terms defined by the regularity
assumption. Also, introduce β̂m ≜ σmin(J),
the smallest singular value of J

• Suppose the GGN iterates remain inside the
ball Br0(θ0) ⊂ Er(θ0), where Er(θ0) is an ellip-
soid

Theory: convergence

Theorem. Fix 0 < ᾱt ≡ ᾱ < 1, and choose
T ≜

1
ᾱ
log(∥Φ̃0 − Φ̃∗∥2/ϵ) for any ϵ ∈ (0, 1).

It holds that ∥ΦT − Φ∗∥2 ≤ ϵ (or equivalently,
∥Φ̃T − Φ̃∗∥2 ≤ ϵ + 1) after T iterations, if 1 +
Mgηt ≤ ∥G̃t∥F and |G̃22| ≥ |⟨G̃⊤

21 + G̃12, ṽ⟩|
for some ṽ depending on t ≤ T where, given
a 2 × 2 block partitioning of G̃t, G̃22 ∈ R1×1,
G̃21 ∈ R1×(m+1), and G̃12 ∈ R(m+1)×1 respec-
tively denote the lower right, lower left and upper
right blocks of G̃t

• It is reasonable to choose τ satisfying 1 +
τMgη0 ≤

√
(m + 1)λ1(G̃⊤

0 G̃0)

Theory: loss decay

Theorem. The loss decays according to
L(θt+1) ≤ L(θt)−

[
ϑL2

Dt
(1 +Dgϖt)− ξLDt

]
,

for t ≥ 0, where LDt
≜ αtββ̂1Dg

dg(Dg+dqβ̂2
m)
, ξ ≜ BRBΦ+

Bg, ϑ ≜ B2
Φ(γR−DR), ϖt ≜ ων(dν(θt, θt+1))−

ων(−dν(θt, θt+1)), ων is an increasing univariate
function, dν is a scaled metric term associated
with the self-concordance of g, and we assume
dν(θt, θt+1) < 1

Simulation: teacher-student

Let θ∗ ≡ (u∗, v∗), ϱ(x) ≜ x/(1 + exp(−x)) and

Rn0 ∋ x 7→ Φ∗(x; θ∗) ≜
n∗∑
i=1

v∗i ϱ(u∗ix)

ḡ(θ) =
p∑

i=1

µ2 − µ
√
µ2 + θ2i + θ2i√
µ2 + θ2i

where Mg = 2µ−0.7p0.2, ν = 2.6, µ = 1/κ(n)
Train: 500, test: 1000, n = 500, n∗ = 5

τ = 10−4
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√
n
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MNIST
“T-I” measure = “stability of activations”
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